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Introduction

S PACECRAFT attitude control for large-angle slew maneuvers
involves nonlinear governing equations, along with modeling

uncertainty and unexpected external disturbances. Existing litera-
ture indicates two possible control design options for overcoming
these dif� culties: 1) Lyapunov nonlinear controller1 ¡ 4 and 2) non-
linearrobustcontrollerusing slidingcontrolmethod.3,5,6 Most of the
control systems provided in the referencesare positioncontrol only.
In this paper, however, this problemis being revisitedthroughappli-
cation of relative attitude kinematics and dynamics equations that
have been developed in Ref. 7. The advantageof using relative atti-
tude kinematics and dynamics equations to construct control law is
that it can convert the tracking-controlproblem into regulator prob-
lem. This simpli� es the design problem because a regulator design
is easier than a tracking-control design. In addition, the controller
designed using this method implements both position and velocity
tracking. Thus, it presents a general framework for solving attitude
state tracking(positionand velocitytracking) control for large-angle
maneuvers of spacecraft.

Lyapunov Attitude State Tracking Control
To avoid singular points, the modi� ed Rodrigues parameters

(MRP) p are selected to describe the orientationof the satellite atti-
tude. It is assumed that pb , x b and pd , x d are the absolute attitudes
and angularvelocitiesof the chase and target satellites, respectively.
The problem is to � nd a control law that can transfer the state (pb ,
x b) of the chase satellite to be the state (pd , x d ) of the target satellite.

It is assumed that the relative attitude for the modi� ed Rodrigues
parameter is de� ned as follows7:

pbd = pb ­ p ¡ 1
d =

pd pT
b pb ¡ 1 + pb 1 ¡ pT

d pd ¡ 2p £
d pb

1 + pT
d pd pT

b pb + 2pT
d pd

(1)
and the relative angular velocity is de� ned as

x bd = x b ¡ RBD x d (2)

where RBD is the coordinate transformation matrix from the body
referencesystem of target spacecraftto that of chase spacecraft.The
attitude state of this system is relative attitude and relative angular
velocity (pbd , x bd). The tracking goal is to � nd a control law to
transferthe relativestate (pbd, x bd) of chasesatelliteto be (0,0) 2 R.6

Thus the trackingproblemis convertedinto a regulatorproblem,and
the design of regulator control is much simpler than the design of
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tracking control. The Lyapunov method can be applied directly to
develop the nonlinear control law.

The relative attitude kinematics equation for MRP is7

Çpbd = M x bd (3)

where

M = 1
4 1 ¡ pT

bd pbd I + 2 p £
bd + 2pbd pT

bd (4)

M ¡ 1 = 4 1 + pT
bd pbd

2
1 ¡ pT

bd pbd + 2pbd pT
bd ¡ 2 p £

bd

(5)

The relative attitude dynamics equation in chase spacecraft body
reference system is7

Jb Çx bd + x £
bd Jb x bd + x £

bd Jb RBD x d = L (6)

where

L = Lb ¡ RBD Ld ¡ (RB R x d ) £ Jb x bd + Jb x £
bd RBD x d

¡ RBD D Jd Çx d + x £
d D Jd x d (7)

RBD = 1 1 + pT
bd pbd

2
1 ¡ 6pT

bd pbd + pT
bd pbd

2
I

+ 8pbd pT
bd ¡ 4 1 ¡ pT

bd pbd p £
bd (8)

D Jd = RT
BD Jb RBD ¡ Jd (9)

If the relative attitude pbd and relativevelocity x bd are selected to be
the attitude state vector, then Eqs. (3) and (6) are the relativeattitude
state equations.

Let the state vector of this system be de� ned as

x ´
D p

D x
´

pbd

x bd
(10)

The Lyapunov function V can be selected to be

V = 1
2

K p D pT D p + D x T Jb D x (11)

where K p is a positive constant. The time derivative of Lyapunov
function V is

ÇV = K p D pT D Çp + D x T Jb D Çx = K p D x T M T D p

+ D x T Jb D Çx = D x T K p MT D p + Jb D Çx

= D x T K p M T D p + L ¡ [ D x £ ]Jb D x

¡ [ D x £ ]Jb RBD x d = D x T K p M T D p + L (12)

Now, if

L = ¡ K p M T D p ¡ Kd Jb D x (13)
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then

ÇV = ¡ Kd D x T Jb D x · 0 (14)

where Kd is a positive constant. The closed-loop system dynamics
equation can be obtained from Eq. (6):

Jb D Çx + [D x £ ]Jb D x + [D x £ ]Jb RBD x d

= ¡ K p M T D p ¡ Kd Jb D x (15)

Equation (14) implies that V (t ) ·V (0), and therefore D p and D x
are bounded. In addition, the second-order derivative of Lyapunov
V can be calculated from Eq. (14) as

V̈ = ¡ 2Kd D x T Jb D Çx (16)

It can be seen from Eq. (15) that the second-order derivative of V
is bounded because D p and D x were shown to be bounded. Hence
dV / dt is uniformly continuous.8 Application of Barbalat’s lemma8

then indicates that D x ! 0 as t ! 1 . Considering the closed-loop
equation (15), it can be shown that D p ! 0 as t ! 1 . Therefore,
it can be shown that (D p, D x ) ! (0.0) 2 R6 as t ! 1 . It implies
that the Lyapunov nonlinear control law

Lb = ¡ K p M T D p ¡ Kd Jb D x + RBD Ld + (RBR x d ) £ Jb D x

¡ Jb[D x £ ]RBD x d + RBD D Jd Çx d ¡ x £
d D Jd x d (17)

is a global asymptoticallystable control law for the system given by
Eqs. (3) and (6). Equation (17) is obtained from Eqs. (7) and (13).

Sliding Robust Nonlinear Controller
Substituting the kinematics equation (3) into the dynamics equa-

tion (6) and rearranging yields

J p̈bd + C Çpbd = (M ¡ 1)T L (18)

C = M ¡ T Jb
dM ¡ 1

dt
¡ (M ¡ 1 )T ( Jb x bd) £ M ¡ 1

¡ M ¡ T ( Jb RBD x d ) £ M ¡ 1 (19)

where

J = (M ¡ 1)T Jb M ¡ 1 (20)

L = Lb ¡ RBD Ld ¡ (RBR x d ) £ Jb x bd + Jb x £
bd RBD x d

¡ RBD D Jd Çx d + x £
d D Jd x d (21)

The attitude state vector of the system be de� ned as

x ´
D x

D Çx
´

pbd

Çpbd

(22)

and the dynamics equation (18) can be written as

J D ẍ + C D Çx = (M ¡ 1 )T L (23)

The derivation of a robust sliding attitude state controller can now
be considered. For multi-input cases the sliding condition can be
written as the vector form8

1

2

d

dt
sT s · ¡ g (sT s)

1
2 , ( g > 0) (24)

The vector s is de� ned as

s = D Çx + K D x (25)

where K is a symmetricpositivede� nite matrix, a matrix where ¡ K
is Hurwitz. The vector s conveys information about boundedness
and convergenceof D x and d D x / dt because the de� nition (25) of
s can also be viewed as a stable � rst-order differential equation in
D x , with s as an input. Thus, assuming bounded initial conditions,
proving the boundedness of s also implies the boundedness of D x
and dD x / dt and therefore of x and dx /dt ; similarly, if s tends to 0
as t tends to in� nity, so do the vectors D x and d D x /dt .

De� ning

V = 1
2
[sT Js] (26)

and differentiating

ÇV (t ) = sT J Çs + 1
2
sT ÇJs = sT J Çs + 1

2
ÇJs (27)

Because

Çs = D ẍ + K D Çx (28)

therefore

ÇV (t ) = sT J ( D ẍ + K D Çx ) + 1
2

ÇJs = sT (M ¡ T L ¡ C D Çx )

+ J K D Çx + 1
2

ÇJs = sT M ¡ T L ¡ C(s ¡ K D x ) + J K D Çx

+ 1
2

ÇJs = sT M ¡ T L + 1
2 ( ÇJ ¡ 2C )s + J K D Çx + C K D x

(29)

Because

ÇJ ¡ 2C =
dM ¡ T

dt
Jb M ¡ 1 + M ¡ T Jb

dM ¡ 1

dt
¡ 2 M ¡ T Jb

dM ¡ 1

dt

¡ M ¡ T ( Jb D x ) £ M ¡ 1 ¡ M ¡ T (Jb RBD x d ) £ M ¡ 1

=
dM ¡ T

dt
Jb M ¡ 1 ¡ M ¡ T Jb

dM ¡ 1

dt
+ 2M ¡ T (Jb D x ) £ M ¡ 1

+ 2M ¡ T (Jb RBD x d ) £ M ¡ 1 (30)

it is evident that the dJ /dt ¡ 2C is a skew-symmetricmatrix.There-
fore, Eq. (29) will be reduced to

ÇV (t ) = sT [M ¡ T L + J K D Çx + C K D x] (31)

Let

M ¡ T L = L̂ ¡ k sgn(s) (32)

L̂ = ¡ Ĵ K D Çx ¡ Ĉ K D x (33)

where k sgn(s) is de� nedas the vectorof componentki sgn(si ). Then

ÇV = sT [L̂ ¡ K sgn(s) + J K D Çx + C K D x]

= sT [ ¡ D J K D Çx ¡ D C K D x] ¡
n

1

K i j si j (34)

sgn(s) =
1 s > 0

1 s < 0
(35)

where

Ĵ ¡ J = D J, Ĉ ¡ C = D C (36)

With the requirement

ÇV · ¡
n

1

g i j si j (37)

that is,

n

1

Ki j si j ¸
n

1

g i j si j + sT [D J K D Çx + D C K D x] (38)

suf� cient condition for satisfying Eq. (38) will be

K i ¸ j [D J K D Çx + D C K D x]i j + g i (39)
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Finally, consideringEqs. (21) and (33), the nonlinear sliding robust
attitude control law becomes

Lb = M T ( Ĵ K D Çx + Ĉ K D x ) ¡ M T k sgn(s) + RBD Ld

+ (RBD x d ) £ Jb x bd ¡ Jb x £
bd RBD x d

+ RBD D Jd Çx d + x £
d D Jd x d (40)

If the selectionof parameterski satisfy the condition(39), then con-
trol law given by Eq. (40) will satisfy the sliding condition (37)
and thus lead to “perfect” tracking in the face of model uncertainty.
However, it is discontinuousacross the surface s(t ) and will result
in control chattering. Chattering is undesirable because it involves
extremely high control activity and may excite high-frequencydy-
namics that were neglected in the course of modeling. Elimination
of the chattering through modi� cation of the switching control law
just derivedhas been discussed in Refs. 8 and 9. Based on these ref-
erences, continuous approximations of the switching control law,
the sgn(.) switching function, is replaced by the sat(.) nonlinear sat-
uration function. The effect of control interpolation in the bound-
ary layer points to assigning low-pass � lter structure to the local
dynamics of the variable s, thus eliminating chattering.8,9

Conclusions
Two attitude state controllers have been designed for tracking of

large-anglemaneuversby applyinga set of relativeattitudekinemat-
ics and dynamics equations,where the attitude is representedby the
relative modi� ed Rodrigues parameters. The designs are the global
asymptoticallystable nonlinear Lyapunov controller and the robust
sliding controller for attitude state tracking. Using relative attitude
state equations to design tracking controller converts the tracking
control problem into a regulator problem and simpli� es the design
procedure.The controllers implementboth attitudepositionand an-
gular velocity tracking. The structure of this controller can also be
used for other relative attitude parameters, such as Rodrigues pa-
rameters, Euler angles, and so on. It can provide a general solution
to state tracking control for rigid-body attitude.
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Introduction

T HERE are many papers on determining minimum-fuel, low-
thrust,Earth–moon trajectories.With regard to recent research,

Kluever and Pierson1 and Herman and Conway2 studied optimal
low-thrust,three-dimensionalEarth–moon trajectoriesfor restricted
three-bodyproblems.Their solutions, like patchedconic orbits with
impulsive maneuvers, are good approximationsto the n-body prob-
lem. The question is how to obtain accurate solutions based on
the approximations for the n-body problem. This Note presents a
targeting method to adjust approximate low-thrust Earth–moon tra-
jectories to satisfy the given requirements.We take an optimal low-
thrust trajectory in the Earth’s gravity � eld as a reference trajectory.
Based on this, the optimal low-thrust Earth–moon trajectory can be
obtained using a differential correction algorithm.

Optimal Low-Thrust Trajectory for Two-Body Problem
As is well known, Earth–moon trajectoriesare easily established

by the impulsivemaneuver for the n-bodyproblem.When the trajec-
tory is set up for the prescribed targeting parameters, the osculating
ellipse at the perigee can be obtainedwith classicalorbital elements
of ae , ee , ie , X e , x e, and Te, the semimajor axis, eccentricity, incli-
nation, longitude of the ascendingnode, argument of periapsis, and
time of periapsis passage, respectively. If we make the spacecraft
enter the osculatingelliptical orbit from the low Earth parking orbit
using the optimal low-thrust vector in the single gravity � eld of the
Earth, it is expected that we should obtain an approximate or ref-
erence optimal thrust Earth–moon orbit transfer under the control
of the thrust in the n-body problem. The equations for the refer-
ence trajectory will be established in perifocal coordinates. Here
the fundamental plane is coplanar with the osculating ellipse. The
origin is located at Earth’s center. The coordinate axes are X x , Y x ,
and Z x . The X x axis points toward the periapsis of the osculating
ellipse; the Y x axis is rotated 90 deg in the direction of the elliptical
motion and lies in the fundamentalplane; the Z x axis completes the
right-handed perifocal system. Let the states for the equations be
x = (r, h , vr , v h )T . They are the radial position, polar angle, radial
velocity, and circumferential velocity, respectively. The equations
and initial conditions are

Çr = vr r(0) = rLEO (1)

Çh = vh / r h (0) = 0 (2)

Çvr = v2
h

r ¡ l / r 2 + aP sin u vr (0) = 0 (3)

Çv h = ¡ (vr vh / r ) + aP cos u vh (0) = l / rLEO (4)

where

aP = P / (m0 ¡ Çmt ) (5)

and the thrust angle u is the control variable, P is the thrust mag-
nitude, aP is the thrust acceleration, l is the gravitational constant,
m0 is the initial spacecraftmass, Çm is the propellantmass � ow rate,
rLEO is the radius of low Earth park orbit, and t is time.
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